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Abstract 
Three dimensional finite element analyses based modelling and simulation technique has been developed in the present research 
to study the dynamic response of laminated FRP composite made spherical shell structures along with interlaminar through-the-
thickness cracks. The developed fracture model has been yielding results in close agreement with literature. Interlaminar cracks 
of similar sizes have been considered at edge and internal locations in order to study their effect on natural frequency of vibration 
of the cantilevered spherical composite shell structure. Cracks have been simulated in different locations from the clamped 
towards the free edge in order to study their effect on free vibration of the laminated shell structure. Interlaminar cracks have 
been observed to be reducing the natural frequency of vibration of the shell structures to a great extent, hence affecting the 
stiffness of the structure. However, for similar damage size and locations, edge-cracked composite spherical shells are 
comparatively stiffer than the edge-cracked spherical shell structures. Both the edge and internal cracks emanating towards the 
free edge of the shell structure are comparatively safe as the natural frequency of vibration is marginally affected. However, the 
fractures emanating towards clamped edge are more deteriorating towards the dynamic response of the composite shell structure.  
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Gokaraju Rangaraju Institute of Engineering and Technology (GRIET). 
Keywords: Spherical shell structure, FEM, Laminated FRP composite, Free vibration, Interlaminar cracks. Natural frequency of vibration. 
1. Introduction 
Excellently high specific strength, stiffness, and shape control properties of laminated Fibre Reinforced Polymer 
(FRP) composite made thin shell structures have lead to their tremendous applications in aerospace, marine, civil, 
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transportation, and other fields of engineering. These composite shells are also blended with a specific advantage 
that their structural characteristics can be tailored to suit the design requirements and hence, they have been 
preferably used in the primary and secondary structures of aircraft structures. In addition to that, these shells are easy 
to fabricate being developable surfaces. In order to find the fullest potential of these composite shell forms, study of 
their structural behavior becomes an important point of research. Composite shell behavior can include studies such 
as buckling, bending, impact, vibration etc. The present analyses is however restricted to the undamped free 
vibration of laminated FRP composite made spherical shell structures both in presence and absence of cracks. 
     Since last two decades, several researchers have investigated dynamic behaviour of thin shell structures. There 
are many theories which were developed originally for thin shells and are based on the Kirchhoff–Love kinematic 
hypothesis. Ritz method has been applied by Qatu and Leissa (1991) to completely free shallow shells to study free 
vibration by assuming algebraic polynomial displacement functions. Analysis of Clamped and simply supported free 
vibration of spherical shells has been performed by Chandrasekhar (1989) using an iso-parametric doubly curved 
shear flexible element. The elasticity solution has been presented for free vibration analysis of doubly curved shell 
panels of rectangular platform. Liew et al. (2002) have obtained the vibratory characteristics of panels via a three-
dimensional displacement based energy formulation subjected to different boundary conditions represented in the 
spherical coordinates. For geometrically large amplitudes, Panda and Singh (2009) has used a non-linear finite 
element model. Higher order Shear Deformation Theory (HSDT) has been used for study of free vibration analysis 
of laminated composite made spherical shell panels. Governing equations of the vibrated shell has been derived by 
Panda and Singh (2009) using variational approach. Using a first-order shear deformation theory and a numerical 
method Zenkour (2004) determined the static and dynamic response of anisotropic spherical shells under a 
uniformly distributed transverse load. Fourier solution has been used by Chaudhuri and Kabir (1995) to analyse the 
static response of a simply supported cross-ply thick doubly curved shell of rectangular platform under transverse 
load. For different boundary conditions they have examined the correctness of their approach against the 
conventional Navier and Levy type solutions. A mathematical model has been developed by Dasgupta and Huang 
(1997) for different three dimensional boundary conditions of different combinations for the study of dynamic 
behaviour of doubly curved thick composite laminated spherical shells. They employed quadratic interpolation 
function through the thickness along two in-plane directions of the laminate, which are combined with beam 
function expansions. Based on the third-order shear deformation theory of Sanders, Finite Element Method (FEM) 
based delamination model of vibrating composite laminated spherical shell panels with delamination around a 
central cut-out has been developed by Lee and Chung (2010). Seven degrees of freedom per each node has been 
used for this finite element formulation for the delamination around cut-out with transformations in order to fit the 
displacement continuity conditions at the delamination region. 
      Despite the advantages, brittleness of fibers in the composite shell structures is a serious problem. It can 
manifest itself in easy cracking across the fibers and even easier cracking between the fibres.  Due to variation in 
material properties across the interface of the bonded adjacent layers and presence of gradients in the in-plane 
stresses, cracks may appear in the composite shell structures. The presence and growth of these damages may 
significantly affect the structural reliability and durability of the composite shell structures. Although the previous 
literatures helped to understand the structural response of these structures, failure analysis of laminated FRP 
composite made shell structures is still controversy with respect to a design approach. The present research is 
devoted to develop a FEM based modelling and simulation techniques facilitating dynamic response analysis of 
different laminated shell structures in general and a FRP composite made spherical shell structures in particular. The 
developed model is capable of studying the effect of different boundary conditions on the natural frequency of 
vibration of composite shell structures. In addition to that, dynamic response of composite shell structures in 
presence of different damages like interlaminar cracks can also suitably be dealt through the developed model.  
2. Specimen geometry and boundary conditions 
Material composition for the laminated FRP composite made spherical shell has been considered to be 
graphite/epoxy (Gr/E) with a symmetric ply configuration [00/900/00]. The composite spherical shell is identical with 
respect to dimensions (length (a) = breadth (b) = 5000 mm, a/b =1). A thickness (h) of 50 mm, and radius of 
curvature (Ryy) of 10,000 mm has been adopted such that b/h = 100 and b/Ryy = 0.5. The above mentioned 
dimensions have been adopted from the work by Qatu and Leissa, (1991). The upper surface of the cantilevered 
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composite spherical shell has been subjected to uniformly distributed loading equivalent to an intensity of 100 N. 
Density of the shell structure under consideration have been considered to be, ρ =(1.5 x 10-6 kg/mm3). Material 
properties considered for the orthotropic FRP composite made spherical shell are in accordance with the properties 
considered by Qatu and Leissa, (1991) and have been given in Table 1. 
 
Table 1. Material properties for the laminated FRP composite made spherical shell. 
 
Material Composition Material Constants 
 
Graphite/epoxy  
laminated FRP composite 
 
Ex = 138 GPa, Ey = 8.96 GPa  
Ez =  4.8 GPa 
νxy = 0.28, νyz = 0.41,  
νxz = 0.28 
Gxy = 7.1 Gpa, Gxz = 4.8 GPa  
Gyz = 2.55 GPa 
ρ = 1.5 x 10-6 kg/ m3 
 
Appropriate boundary conditions have been considered for simulating cantilevered end conditions for the composite 
spherical shell. These are: u = v = w = 0, for all nodes along x = 0; i.e., at the clamped edge of the laminated 
composite spherical shell where, u, v and w represent the displacements associated with x, y and z directions, 
respectively.  
3. Finite element modelling 
The FEM based modal analyses of the cantilevered laminated FRP composite made spherical shells have been 
carried out through developing suitable Ansys Parametric Design language (APDL) codes using ANSYS 14.0 under 
a high speed IBM platform.  SOLID 181 elements with layer-wise prescription of material properties within it have 
been used to discretize the domain of the composite shell into finite element mesh (Fig.1). It is a four-node shell 

















Fig.1. Specimen geometry and boundary conditions of the laminated FRP composite made cantilevered spherical shell along with finite element 
mesh. 
 
In the present FE simulation a 9 x 9 mesh have been adopted to generate the results which are in close agreement 
with the results obtained by Qatu and Leissa (1991). The comparison has been represented in Table 2.  
In order to analyze the effect of cracks on the fundamental frequency of vibration of the cantilevered composite 
shells, through-the-thickness cracks of similar sizes have been simulated at the edges and internal locations. 
Orientation of crack planes for both the edge and internal cracks has been assumed to be parallel to the yz plane as 
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shown in Fig. 2. Hence, their positions have been specified through the distance of the crack center from the 
clamped edge (xc). The positional coordinates of the edge and internal cracks considered in the present analyses are: 
edge crack (xc , 245.429mm, zc), internal crack (xc , 2500 mm, zc). 
                           Table 2. Non-dimensional fundamental frequencies (Qatu and Leissa, 1991) of cantilevered laminated composite shells 
Shell Type Qatu and Leissa, 
1991 
Present approach 
Cantilevered spherical shell 1.5362 1.5014 
Cantilevered cylindrical shell 1.8652 1.8179 
 
The internal cracks considered are a bit eccentric as they do not lie on the plane of symmetry of the spherical shell. 
However, the edge cracks lie on the edge of the spherical shell at y = b.  In order to study the effect of change of 
crack position on the fundamental frequency of vibration, different cracks have been simulated through selecting 
different values of “xc”. The crack positions have been considered from the clamped to the free edge of the shell 
during the course of the finite element analyses.  
  
Fig.2.  Laminated FRP composite made spherical shell with simulated edge and internal cracks. 
 
FE based analyses of crack propagation characteristics in composite shell structures are complicated. The FE 
analysis should incorporate brutal error analysis procedures and convergence requirements with astute mesh grading 
and appropriate element size in the vicinity of the crack front. This is needed to avoid the oscillatory nature of the 
stress field very near to the damage tip as indicated by Rice (1988). This has been duly carried out during 
computational stages to achieve the required level of accuracy. Duplicate nodes have been defined in order to 
simulate the through-the-thickness edge and internal cracks. In the undelaminated region, corresponding nodes of 
the sublaminates are constrained by using non-linear Multi Point Constraint (MPC 184) elements so that the 
continuity condition prevails. Contact elements (CONTA 178) have been used within the cracked region to prevent 
mutual interpenetration of the delaminated surfaces.  
4. Results and Discussion 
4.1. Effect of through-the-thickness cracks on fundamental frequency of vibration 
 Fundamental frequency of vibration of the composite spherical shell along with edge or internal cracks of similar 
sizes, considered at locations close to the clamped edge (xc = 989.72 mm) have been compared with the natural 
frequency of the structure in absence of the defects in Table 3. It has been clearly revealed that, cracks reduce the 
fundamental frequency of vibration of the cantilevered composite shells to a great extent. This is in accordance with 
the physics that cracks in the structure add flexibility hence reducing the rigidity of the structure leading to a low 
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fundamental frequency of vibration. Frequencies of both the edge and internal cracked spherical shells have been 
found to be in close range (Table 3). However, magnitude of the frequencies reveals that, fundamental frequency of 
vibration of edge-cracked composite shell is comparatively more as compared to the shell structures with internally 
located cracks. Hence, internally-cracked shell structures are comparatively less stiff than the edge-cracked 
composite shell structures. 
 
                           Table 3. Fundamental frequencies of cantilevered laminated composite shells with and without cracks 
Shell Type Without crack (Hz) Edge cracked (Hz)  Internal cracked (Hz) 
Cantilevered spherical shell  0.14500 0.11978           0.11178 
 
4.2. Effect of change of position of edge cracks on fundamental frequency of vibration 
The laminated FRP composite made spherical shell has been analyzed for different edge cracks with positions 
varying from the clamped to the free edge (xc). The fundamental frequency of vibration has been observed to be 
decreasing almost linearly for edge cracks lying in between the clamped edge,  xc = 0 up to  xc = 1400 mm (zone-I) 
as shown in Fig. 3. For the range, 1400 mm < xc < 2000 mm (zone-II) the fundamental frequency of vibration has 
been observed to be increasing in a linear manner. A non-linear increase of the fundamental frequency has been 
observed for 2000 mm < xc < 3200 mm (zone-III). However, beyond 3200 mm the fundamental frequency of 





















Fig.3. Effect of edge cracks on fundamental frequency of the cantilevered laminated spherical shell, as the crack position is changed 
from the clamped to the free edge 
It may be very well interpreted from Fig. 3 that, edge cracks towards the free edge of the shell structure are 
comparatively safe as the overall rigidity of the structure is less hampered and the natural frequency of vibration is 
marginally affected (zone-IV). From the free edge zone towards the middle zone of the composite shell the natural 
frequency of vibration is seen to be reduced to some extent (zone-III). However, cracks existing beyond the middle 
zone severely affect the stiffness of the spherical shell making it extremely flexible which is indicated through the 
steep linear reduction of the natural frequency of vibration (zone-II).  So this region [1400 mm < xc < 2000 mm 
(zone-II)] may be identified as the most vulnerable region for the shell where cracks cannot be afforded. Finally, it 
can be realized that cracks present towards the clamped edge help the structure gaining some stiffness increasing the 
frequency of vibration (zone-I).  
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4.3. Effect of change of position of internal cracks on fundamental frequency of  vibration 
     Internal cracks at different positions from the clamped to the free edge (xc) have been considered for studying 
effect of central fracture on dynamic response of the laminated FRP composite made spherical shell. The 
fundamental frequency of vibration has been observed to be increasing almost linearly for internal cracks lying in 
the range: 0 < xc < 1400 mm (zone-I) followed by a linear decrease subsequently in the next zone [1400 mm < xc < 
2000 mm (zone-II)] as shown in Fig. 4.  A linear increase of the fundamental frequency has been observed for 2000 
mm < xc < 3200 mm (zone-III) with a slight non-linearity towards the end of this zone. It is interesting to observe 
that for xc = 2700 mm in the zone-III, the fundamental frequency of vibration of the shell becomes slightly more 
than the frequency in absence of the fracture. However, beyond 3200 mm the fundamental frequency of vibration of 























Fig.4. Effect of internal cracks on fundamental frequency of the cantilevered laminated spherical shell, as the crack position is changed from 
clamped to the free edge 
 
Internal fractures lying towards the free edge/zone (zone-IV) of the cantilevered composite spherical shell are 
seen to affect the stiffness of the structure marginally causing a minimal change in the fundamental frequency of 
vibration (Fig.4). The middle zone (zone-III) next to the free zone (zone-IV) of the shell has been observed to be the 
most unsafe region to accommodate internal cracks as there is a severe reduction in the frequency of vibration 
through a steep gradient.  However, in the clamp-middle intermediate zone (zone-II) the structure has been observed 
to regain back its rigidity to some extent due to the presence of the internal cracks. Finally the clamped zone close to 
the cantilevered edge of the shell is again vulnerable as the fundamental frequency of vibration is seen to be reduced 
indicating loss of rigidity of the cantilevered composite spherical shell. 
4.4. Effect of edge and  internal cracks on fundamental frequency of vibration 
Effect of edge or internal cracks in the cantilevered laminated FRP composite made spherical shells have been 
compared individually in the Fig. 5. It can be clearly observed that, frequency of vibration of the cantilevered 
composite shell structure is marginally affected when the fracture (edge or internal) is present towards the free edge 
of the structure (zone-IV). Hence, this zone may be treated as a comparatively safe zone for the shell structure under 
1586   R.R. Das et al. /  Procedia Materials Science  6 ( 2014 )  1580 – 1587 
consideration. From the free zone (zone-IV) towards the middle zone of the shell structure (zone-III) both the edge 
and internal cracks cause a reduction in the natural frequency of vibration in a non-linear manner. However, the 
internal cracks are seen to be affecting the rigidity of the structure to a comparatively greater extent than the edge 
cracks (Fig. 5). So this zone may be treated to be an unfavorable zone for both the internal and edge fractures as 
both of these affect the stiffness of the structure to a larger extent. From the middle zone (zone-III) towards the 
clamp-middle intermediate zone (zone-II) the structure has been seen to be behaving differently for edge and 
internal cracks (Fig.5). It is very important and interesting to note that the edge cracks cause a loss of rigidity where 
as the internal cracks cause a loss of flexibility of the composite shell structure. This could be very well observed 
through the linear decrease and increase of the natural frequency of vibration of the shell structure in the clamp-
middle intermediate zone as the cracks change their position from zone-III to zone-II. Finally, as the positional 
coordinate of the cracks are changed from the zone-II to zone-I again the structure is seen to be behaving in an 
opposite manner for the edge and internal cracks. The internal cracks cause a linear reduction in the frequency of 
























Fig.5. Effect of edge and internal cracks on fundamental frequency of the cantilevered laminated spherical shell. 
 
It is also important to note that, each of the four zones have one specific positional co-ordinate for which natural 
frequency of vibration of the shell structure will be same for both the edge and internal cracks. The positional co-
ordinates are: xc = 50 mm for zone-I, xc = 1750 mm for zone-II, xc = 2400 mm for zone-III, and xc = 3200 mm for 
zone-IV. 
 
5. Summary and conclusions 
     A three dimensional FEM based fracture model has been developed in the present research to study the dynamic 
response of edge and internally cracked laminated FRP composite made cracked spherical shell structures subjected 
to cantilever boundary conditions. The model provides sufficient scope for studying the effect of edge and internal 
fractures at different positions with respect to the clamped edge on the fundamental frequency of vibration of the 
laminated spherical shell structure. Based on the nature of variation of the frequency of vibration the entire domain 
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of the composite shell has been divided into four major zones. Some of the major conclusions related to the 
performance of the shell structure with edge and internal cracks at different zones can be enlisted as below: 
(1) Fractures (edge or internal) occurring at any of the four primary zones (zone-I to IV) of the cantilevered 
composite spherical shell, reduces the natural frequency of vibration of the structure by reducing the overall 
rigidity of the structure. 
(2) The cantilevered composite shell with edge and internal cracks emanating from the free zone (zone-IV) are 
comparatively safe towards the dynamic response of the structure as the natural frequency profile is almost 
stabilized in this region. 
(3) Edge cracks considered at positions from the free zone (zone-IV) towards the middle zone (zone-III) are 
critical towards the dynamic response of the spherical shell structure as the frequency of vibration is 
reduced considerably through a steep gradient indicating a major loss of rigidity of the structure. 
(4) Internal cracks at locations from the free zone (zone-IV) towards the intermediate zone (zone-II) are 
detrimental towards the rigidity of the shell structure which is indicated through a considerable reduction of 
natural frequency of vibration of the shell structure.  
(5) Magnitude of frequency of vibration indicates that the internal cracks are more dangerous for the spherical 
shell structure as they affect the frequency of vibration comparatively to a greater extent. 
(6) The natural frequency of vibration of the cantilevered composite spherical shell along with either internal 
or edge crack is same when the fractures emanate from four specific positional co-ordinates (xc = 50 mm 
for zone-I, xc = 1750 mm for zone-II, xc = 2400 mm for zone-III, and xc = 3200 mm for zone-IV) over the 
domain of the structure. 
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